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The concepts of Lorentz invariance of local (flat space) physics, and unitarity of time evolution
and the S-matrix, are famously rigid and robust, admitting no obvious consistent theoretical defor-
mations, and confirmed to incredible accuracy by experiments. But neither of these notions seem
to appear directly in describing the spatial correlation functions at future infinity characterizing the
“boundary” observables in cosmology. How then can we see them emerge as exact concepts from a
possible ab-initio theory for the late-time wavefunction of the universe? In this letter we examine
this question in a simple but concrete setting, for the perturbative wavefunction in a class of scalar
field models where an ab-initio description of the wavefunction has been given by “cosmological
polytopes”. Singularities of the wavefunction are associated with facets of the polytope. One of the
singularities – corresponding to the “total energy pole” – is well known to be associated with the
flat-space scattering amplitude. We show how the combinatorics and geometry of this scattering
facet of the cosmological polytope straightforwardly leads to the emergence of Lorentz invariance
and unitarity for the S-matrix. Unitarity follows from the way boundaries of the scattering facet
factorize into products of lower-dimensional polytopes, while Lorentz invariance follows from a con-
tour integral representation of the canonical form, which exists for any polytope, specialized to
cosmological polytopes.
INTRODUCTION
Lorentz invariance in flat space, together with
quantum-mechanical unitarity of time evolution, are the
foundations of fundamental physics. There are count-
less indications that these concepts are totally rigid and
cannot be deformed. It is very unlikely that Lorentz in-
variance is emergent from some microscopic system with
a preferred frame since this would infect the dimension-
less couplings (such as different species “speeds of light”),
while all modifications of the known rules of quantum
mechanics are either wildly inconsistent or run afoul of
the locality demanded by special relativity. Indeed, these
are some of the indications that space-time and quantum
mechanics are tied to each other in some deep way.
On the other hand, at least naively, cosmology suggests
that both of these ideas can somehow not be fundamen-
tal. Of course, Lorentz invariance is broken on cosmo-
logical scales, and ultimately the accelerating universe
seems to make quantum-mechanical observables of any
kind approximate. Even more prosaically, the wavefunc-
tion of the universe is a static quantity, depending only on
spatial co-ordinates on the future spatial boundary of the
universe, and there should be some rules for determining
it. Why should such rules know anything about Lorentz
invariance (since this object is not Lorentz invariant) or
unitarity (since there is no time evolution here)?
There is a more precise version of this question in per-
turbation theory. As we will review, the (integrand of
the) wavefunction shows a pole in the sum Etot of the en-
ergies of the external states, whose residue is exactly the
flat-space scattering amplitude [1–3]. Thus, whatever the
putative new rules are for determining the wavefunction
without referring to either flat-space Lorentz invariance
or unitary time-evolution, they must somehow magically
produce an object which is exactly Lorentz-invariant and
unitary on such a pole.
In this note we will see exactly how this happens for
a wide class of theories of scalar fields with polynomial
interactions, where such an ab-initio understanding of
the wavefunction has been found in terms of cosmologi-
cal polytopes, with a simple, intrinsic definition making
no reference to space-time or Hilbert space notions [4].
Cosmological polytopes represent a small first step in the
direction of finding the analog of objects such as ampli-
tuhedra [5] and associahedra [6–8], seen in the context of
scattering amplitudes, in cosmology.
As we will see, one of the facets of the polytope is
naturally associated with the Etot pole and should give
scattering amplitudes. Indeed, the scattering amplitude
plays an important role in the full wavefunction. On any
of its poles, the wavefunction factorizes into a lower-point
scattering amplitude times a lower point wavefunction, a
fact we can trivially see from the facet structure of the
cosmological polytope.
We will study this scattering facet in detail. At tree-
level, as observed already in [4], this facet is just a sim-
plex; remarkably, the canonical form pairs up linear en-
ergy poles into the quadratic factors we associate with
Lorentz-invariant propagators.
At loop level the facet is more interesting. We will show
that any further face of the scattering facet corresponds
to a choice of connected subgraph, and factorizes into a
product of lower-dimensional scattering facets, together
with a simplex. This will turn out to directly imply the
unitarity of scattering amplitudes.
Lorentz invariance is more striking: the wavefunction
and the polytope know only about spatial momenta, so
how can we see manifest Lorentz invariance at loop level,
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FIG. 1: Feynman graph contribution to the wavefunction (left) and related reduced graph (right). The reduced graphs are
obtained from the Feynman ones by suppressing the external edges.
where the “l0” parts of the integration are also needed?
The answer is simple and beautiful. The canonical form
for any polytope P , given by the convex hull of a collec-
tion of vertices Vj , has a contour integral representation
of the form [9]:
Ω(P ,Y) =
∫ ∏
j
dcj
cj − iεj
δ(Y − cjVj),
This representation is closely related to the fact that the
canonical form of a polytope P is given by the volume of
the dual polytope P˜ relative to Y as the hyperplane at
infinity.
When applied to the cosmological polytope, and on the
support of the delta functions, the remaining cj integrals
precisely turn into the l0 integrations making Lorentz
invariance manifest, with the correct Feynman iε forced
by the standard prescription for the canonical form.
Thus the scattering facet of the cosmological polytope
gives us a combinatorial origin for exact Lorentz invari-
ance and unitarity, without having these as primary con-
cepts. It is quite pleasing that unitarity is made obvious
by the polytope itself, while Lorentz invariance is most
naturally understood by thinking in terms of the dual
polytope. This understanding of the scattering facet also
gives us a conceptually transparent understanding of the
cutting rules for scattering amplitudes of general quan-
tum field theories, distinct from the clever arguments
making use of the largest time equation [10].
COSMOLOGICAL POLYTOPE
We begin with the path-integral representation for the
wavefunction of a class of scalar field theories in d + 1
dimensions
ψ[φ] =
∫
DϕeiS[φ0+ϕ] (1)
where φ0 = φ(p) e
iEpη is the free solution with oscil-
latory behavior ensuring the Bunch-Davies vacuum in
the infinite past, while the fluctuations ϕ vanish at the
time η0 associated with the future spatial slice on which
the wavefunction is computed. In what follows, S[φ] is
taken to be the action for a scalar in flat space with time-
dependent polynomial interactions:
S[φ] =
∫
ddxdη

1
2
(∂φ)
2
−
∑
k≥3
λk(η)
k!
φk

 .
This class of theories includes as a special example the
case of conformally-coupled scalars with non-conformal
polynomial interactions in FRW cosmologies, where the
λk(η) = [a(η)]
(2−k)(d−1)/2+2
.
Perturbatively, the wavefunction can be computed via
Feynman graphs. It is convenient to Fourier represent
the couplings: λk(η) =
∫
dEeiEηλ˜(E). We then solve for
the wavefunction with this oscillatory time dependence,
leaving the integrals over E to the end. This leads us
to focus on an “integrand” for the perturbative contribu-
tions to the wavefunction, which is a rational function of
energy variables (for more details see [4]). For this simple
scalar theory with non-derivative interactions, the depen-
dence on the energy further simplifies, depending on the
sum xi ≡
∑
k∈vi
Ek of the energies of the external states
Ek ≡ |
−→p k| at each vertex vi, and on the internal ener-
gies yij associated with the edges between the vertices
vi and vj . Note of course that there the internal ener-
gies are given by the magnitude of the internal spatial
momenta. When the graph has loops, we must also in-
tegrate as usual over the undetermined loop momentum,
but of course here we integrate only spatial loop momenta
ℓ.
Thus associated with every Feynman graph G, we have
(the integrand of) its corresponding contribution to the
perturbative wavefunction, ΨG(xv, ye). Concretely, this
3representation of ΨG(xv , ye) is given by a time-integral:
ΨG(xv, ye) =
∫ 0
−∞
∏
v∈V
dηve
ixvηv
∏
e∈E
G(ηv , ηv′ , ye) (2)
where V and E are the sets of vertices and edges of G
respectively, and (2y)G(η, η′, y) = Θ(η − η′)eiy(η
′−η) +
Θ(η′− η)eiy(η−η
′)− eiy(η+η
′) is the bulk-bulk propagator
appropriate to the computation of the wavefunction.
But as pointed out in [4], ΨG(xv, ye) is also the answer
to a completely different, natural mathematical question,
and is determined by the canonical form of the cosmo-
logical polytope associated with G.
Let us review the intrinsic definition of these
polytopes. Consider the space of ne triangles
△i, whose midpoints are identified by the vectors
(xi,x
′
i,yi) – this uniquely fixes its vertices to be
{xi + x
′
i − yi, xi − x
′
i + yi, −xi + x
′
i + yi}. Each △i
is characterized by two edges on which it can intersect
any other triangle △j identifying the respective mid-
points, and the third edge on which no intersection is
allowed. Examples with two intersecting triangles are
shown below; in the first, the two triangles intersect on
one edge, in the second they intersect on both:
xi x
′
i
yi
xj x
′
j
yj
x′i
xi
xj
xi x′i
Note that any such collection of intersecting triangles
is naturally associated with a graph. Every triangle is
represented by an edge ending on two vertices; these ver-
tices represent the two sides on which the triangle can
intersect other triangles.
←−−−→
If two triangles do intersect on a midpoint, their corre-
sponding vertices are joined, producing a graph associ-
ated with this collection of intersecting triangles; some
examples are shown below:
−−−−−→
The cosmological polytope P is the convex hull of
the 3ne vertices of ne intersected triangles. Very con-
cretely, starting with the graph G rather than the pic-
ture of intersecting triangles: for any G, we can as-
sociated vectors xv with all the vertices and ye with
all the edges. These vectors taken together give a
basis for a projective space Pne+nv−1. Each edge of
the G is associated with the three vertices as above:
{xi + x
′
i − yi, xi − x
′
i + yi, −xi + x
′
i + yi}. The cos-
mological polytope is the convex hull of these 3ne ver-
tices.
The definition of the cosmological polytope is ex-
tremely simple; its only unusual feature is the asymme-
try between the sides of the triangle. What is the reason
for the “three” associated with using triangles, and why
are two of the three sides distinguished? As discussed
in [4] and as we will see in further action in this letter,
these features are crucial: they are the primitive combi-
natorial avatar of causal space-time structure. Indeed we
know that lightcones emanating from a point in space-
time divides space-time into three regions, with two of
these (past and future time-like separated) of a different
type than the third (space-like separated). This crucial
physics is captured by the primitive intersecting triangle
rules.
If we write any point of P as Y =
∑
v xvXv+
∑
e yeYe,
where Xv and Ye are vectors in R
ne+nv identifying the
independent midpoints x and y of the triangles gener-
ating P , then the coefficients xv and ye will label the
vertices and the edges of G respectively.
Now, any polytope P in a projective space PN with
co-ordinates Y has an associated canonical differential
top form ω(Y;P), uniquely fixed by the property of hav-
ing logarithmic singularities on (and only on) all faces
of all dimensionality of P . It is convenient to also as-
sociate a function Ω(Y,P) by pulling out a universal
top-form measure on the projective space as ω(Y,P) =
〈YdNY〉Ω(Y,P). For the cosmological polytope, this
canonical function directly determines the (integrand of)
the wavefunction ΨG(xv, ye) for the graph G [4]:
Ω(Y; P) = ΨG(xv , ye) (3)
and any graph G is nothing but a Feynman graph with
the external edges suppressed (see Figure 1). In some
cases, such as tree diagrams for φ3 theory in dS4, the
4integrand Ψ can be integrated to yield the final contribu-
tion of the graph to the wavefunction, and these functions
turn out to be interesting polylogarithms. As described
in [4], the “symbol” of these polylogs is also directly de-
termined by the geometry of the cosmological polytope,
but in this letter we will focus on the properties of the in-
tegrand, which are all what we need to see the emergence
of Lorentz invariance and unitarity.
Our definition of the cosmological polytope was given
as a convex hull of a collection of vertices, but its beauti-
ful combinatorial structure allows us to completely char-
acterize all of its facets as well. This is important since
the canonical forms on the facets compute the residues
of the wavefunction on its poles.
As shown in [4], the (codimension one) facets can be
found as hyperplanesWI = x˜vX˜vI+ y˜eY˜eI (where (X˜v ·
xv′) = δvv′ , y˜e · ye′ = δee′ , (x˜v · ye) = 0) such that,
given the collection of vertices VIa (a = 1, . . . , 3ne) of P ,
WIV
I
a ≥ 0 with the maximum number of WIV
I
a set to
zero, compatible with the constraints on the midpoints.
This is equivalent to finding a pattern for α(e,e) ≡ x˜v +
x˜v′−y˜e ≥ 0, α(e,v) ≡ x˜v+y˜e−x˜v′ ≥ 0, α(e,v′) ≡ x˜v′+y˜e−
x˜v ≥ 0, with at least one non-zero α, such that setting
any other α to zero the compatibility relation with the
midpoint constraints, now expressible as α(e,e)+α(e,v) =
α(e′,e′)+α(e′,v) for any two edges e and e
′ with a common
vertex v, forces all the other α’s to vanish. Graphically,
this can be done by marking the edges of a given graph
G according to the non-vanishing α’s:
v v
′e
α(e, e) = W · (xv + xv′ − ye) > 0
v v
′e
α(e, v′) = W · (xv′ + ye − xv) > 0
v v
′e
α(e, v) = W · (xv + ye − xv′) > 0
The vertices related to the marking do not lie on W .
Thus, given a graph G, any facet of the related cosmo-
logical polytope P can be identified by the consistent
markings of G, and its vertices are the ones for which the
α’s are zero, i.e. all except the ones identified by the
marking. The consistent markings can be identified by
considering any subgraph g of G and marking the edges
internal to g in their middle, while the external edges
ending on vertices v of g next to v. As a special case, let
us consider g = G:
v1
21
43 3
1
5
4
2
6
FIG. 2: Scattering facets for the one-loop (left) and two-loop
(right) two-site graphs. They are identified by the vertices
{1, 2, 3, 4} ≡ {x1+ya−x2, −x1+ya+x2 x1+yb−x2, −x1+
yb +x2} and {1, 2, 3, 4, 5, 6} ≡ {x1 +ya−x2, −x1 +ya +
x2, x1 +yb−x2, −x1 +yb +x2, x1 +yc−x2, −x1 +yc +x2}
respectively.
all the edges are marked on their middles, i.e.
all the α(e,e′) are non-zero. Such a facet is the
polytope identified by the collection of 2ne vertices
{xv + ye − xv′ , −xv + ye + xv′}. It is easy to check that
the hyperplane W such that W ·V for any vertex V be-
longing to such a collection, is given by W =
∑
v x˜vX˜v,
i.e. this facet is identified by the total energy vanish-
ing and, thus, encodes the flat-space amplitude. This is
the “scattering facet” we will focus on in the rest of this
letter.
EMERGENT UNITARITY
The scattering facet is itself a polytope with an in-
teresting face structure. We will now see that the faces
of the scattering facet have the geometric structure of
the direct product of smaller scattering facets, together
with a certain simplex. The residue of the canonical
form factorizes in the same way. This factorization can
then be precisely interpreted as the usual cutting rules
for the S-matrix; with the extra simplex accounting for
the Lorentz-invariant phase space of cut internal lines.
The lower-dimensional faces of the scattering facet are
given by the collection of vertices that are on the scat-
tering face and correspond to a subgraph. Given a graph
G, its scattering facet is given by marking all the edges
in the middle, and its vertices are the same of the cos-
mological polytope but the ones related to the marking.
Let us now take a subgraph g of G, to which a further
marking is associated, as explained earlier:
x1
x2 x3 x4
x5
x6x7
g
The two markings identify a face of the scattering facet,
5singling out all the vertices that do not belong to it. We
can indicate such a face by marking with open circles the
vertices which belong to it:
x1
x2 x3 x4
x5
x6x7
g
Furthermore, the subgraph g corresponds to
∑
v∈g xv +∑
e∈Eext
g
ye −→ 0, E
ext
g being the set of edges of G entering
into g.
x1
x2 x3 x4
x5
x6x7
g
g¯
For the sake of concreteness,
let us refer to the graph drawn
here on the left. The vertices
correspond to a further scatter-
ing facet reached as x3 + x4 +
x5 + y23 + y37 + y56 −→ 0, yij
being the energies associated to
the edges between the vertices i
and j – at this boundary, the energy conservation for g
is restored. Notice further that the vertices are also
related to a smaller scattering facet for the subgraph g¯.
Interestingly, the remaining vertices are on the edges
connecting g and g¯, i.e. they are related to the cut edges
connected two lower-point scattering amplitudes. They
are the only vertices depending on the vectors of such
edges and form a simplex in a lower-dimensional space.
Thus, as x3+x4+x5+y23+y37+y56 −→ 0, the related
face of the scattering facet has the structure of a prod-
uct of two lower-dimensional scattering facets times the
simplex for the vertices related to the edges connecting
the two subgraphs. This is a general feature of any face
of the scattering facet. Consequently, the canonical form
related to such faces is given by
Ω =

∏
e∈/E
1
2ye

A[g]×A[g¯], (4)
where /E is the set of cut edges.
This is a completely general phenomenon: the faces
of the scattering facet factorize into a simplex associated
with the cut edges, and a product of lower scattering
facets. This product can have more than two pieces. For
instance let us consider a different subgraph g, which
corresponds to x3 + x7 + y23 + y34 + y71 + y67 −→ 0.
x1
x2 x3 x4
x5
x6x7
ggL gR
As before, the vertices
identify the lower-
dimensional scattering facet
related to the subgraph
g. The other open circles
correspond to the other
vertices of the face we are
discussing. In particular
the vertices and separately identify a further lower-
dimensional scattering facet each. Finally, the vertices
mark the cut edges. Thus, the canonical form related to
this face of the scattering facet is
Ω =

∏
e∈/E
1
2ye

A[g]×A[gL]×A[gR]. (5)
Now, this geometric factorization of the boundaries of
the facet implies that the residues of the poles for the
(integrand of) scattering amplitudes factorize in exactly
the same way. This is a basic and fundamental statement
about the integrand, which implies the familiar cutting
rules that ensure unitarity in perturbation theory. The
usual statement of unitarity for the S-matrix S = 1− iT ,
is
−i〈out|(T − T †)|in〉 = 〈out|T †T |in〉 =
=
∑
I
〈out|T †|I〉〈I|T |in〉.
The imaginary parts in the left-hand-side arise from the
Feynman iǫ in the usual way as Im{1/(E − iǫ)} = δ(E).
Thus a given residue of the scattering amplitude inte-
grand computes a contribution to the imaginary part of
the amplitude. Now the factors of factors 1/2ye coming
from the simplex associated with the cut edges, together
with ddℓ, form the Lorentz invariant phase-space for the
intermediate lines, while the factors associated with the
smaller scattering facets gives us the correct factoriza-
tion into the product of lower amplitudes. Note that
the cases involving more than one lower scattering facet
factor correctly include disconnected components in the
computation of 〈out|T †T |in〉. Integrating the product of
the two tree-level amplitudes over such phase-space com-
putes the discontinuity along a branch cut which is the
imaginary part of the loop amplitude. Note also that,
importantly, the open circles do not just identify the ver-
tices of the face and its structure, but provide the crucial
information about the direction of the flow of the energy.
Consider any of the subgraphs we identify for a given
face. Then, if an open circle is far away from the sub-
graph, the energy associated to the edge marked by it,
is incoming. If instead such an open circle is closer, the
energy of the related edge is outgoing – this can be eas-
ily seen from the fact that such energies ye appear with
positive/negative sign respectively.
EMERGENT LORENTZ INVARIANCE
Let us now turn to seeing how Lorentz invariance
emerges from the scattering facet, where the challenge
is clear. Ordinarily, the Lorentz invariance of scattering
amplitudes is manifested by expressing the amplitudes
as a function of Lorentz-invariant kinematical variables
6like Mandelstam invariants. But the wavefunction only
depends on spatial momenta and associated energy vari-
ables. Already at tree level, we must understand how,
sitting on the total energy pole, the poles associated with
energy denominators, as seen in the wavefunction, pair-
up into Lorentz-invariant propagators. The story at loop
level must be even more interesting, since at the level of
the integrand, while we see the spatial loop momenta,
we don’t have an analog of “l0”, the time component; to
make Lorentz invariance manifest we must somehow see
these “extra” variables corresponding to l0 appear, and
again have the fundamentally-linear-in-energy poles pair
up into Lorentz-invariant propagators.
The emergence of Lorentz-invariance at tree-level was
already considered in [4], so let us begin by reviewing this
story. Tree-level graphs have nv = ne + 1 vertices. The
related scattering facet has, thus, 2ne ≡ ne+nv−1 and,
consequently, it is a (ne + nv − 2)-dimensional polytope
with ne + nv − 1 vertices, i.e. it is a simplex S.
v′
v′′
C
F
For each edge e of G,
it has two vertices and a
facet of S has just one of
them: The facet can then
be identified by further
marking the graph with an
open circle for the vertex
which belongs to it. This
marking splits the graphs
in two parts, C and F .
The hyperplane associated to any of the vertices of this
facet of S can be written as ω = Y˜e +
∑
v∈C X˜v, and
annihilates all the vertices associated to F , the vertices
related to edges that do not touch any of the vertices of
e, the ones associated to the edges of C touching v′, as
well as the vertex related to the uncircled end of e. Then,
ω · Y = ye +
∑
v∈C xv. Finally, we can circle the other
end of the same edge, for which the same discussion holds
and ω′ · Y = ye +
∑
v∈F xv. However, on S,
∑
v xv = 0
and therefore ω′ · Y = ye −
∑
v∈C xv. Thus the canonical
form for S is
Ω(S) =
∏
e∈ES
1
y2e −
(∑
v∈Ce
xv
)2 (6)
which is nothing but the product of Lorentz invariant
propagators!
Let us now move on to discussing Lorentz-invariance
at loop level. As alluded to above, one basic challenge
is to see where the “l0” variables (needed for manifestly
Lorentz-invariant loop integrands) will come from. This
turns out to have a beautiful answer, related to a rep-
resentation for the canonical form for general polytopes
that has played a prominent role in a number of other
settings. Given any projective polyotpe P in a projective
space Y, its associated canonical form Ω(Y;P) can be
determined by a contour integral [9]:
Ω(Y;P) =
∫
RN
ν∏
j=1
dcj
cj − iεj
δ(N)

Y −
ν∑
j=1
cjV
(j)

 (7)
where ν is the number of vertices of P . This formula can
be obtained via Fourier/Laplace transforms, of another
important representation of Ω(Y;P), which identifies Ω
with the volume of the dual polytope P˜ , relative to Y as
the hyperplane at infinity.
We now specialize this representation of the canoni-
cal form for the scattering facet of a cosmological poly-
tope PG related to an arbitrary L-loop graph G. In
this case, G has ne edges and nv = ne + 1 − L ver-
tices. Then the scattering facet lives in Pne+nv−2 and
has 2ne = ne + nv − 1 + L vertices: it has L vertices
more than a simplex, which it reduces to just for L = 0
(i.e. at tree level). Thus, the canonical form for PG is
represented by (7) provided that N ≡ ne + nv − 1 and
ν ≡ ne+nv − 1+L. Starting with such a representation
for the scattering facet, one can observe that the δ func-
tions localize ne+nv−1 integration variables, leaving un-
fixed exactly L of them. Indeed, there is some freedom in
choosing the unfixed c’s: each of such choices corresponds
to select all those hyperplanes in the scattering facet that
do not contain the vertices associated to the unfixed c’s.
x1 x2
yb
ya
yc
g
We can indicate such vertices
with red crosses on the graph
G. Each codimension-one hyper-
plane which does not contain the
marked vertices, is then identi-
fied by further marking the graph
with a green cross for the ver-
tex which does not belong to
it, as the subgraph g enclosed
within the red/green crosses ω =∑
v∈g X˜v+
∑
e∈Ec
g
Y˜e−
∑
e∈Eu
g
Y˜e, with E
c
g and E
u
g being
the sets of external edges of g with and without cross
respectively. Defining Vr as the set of vertices marked
with the red crosses (i.e. those ones whose related c’s
are unfixed) and Y˜ ≡ Y −
(∑
j ∈ Vr
cjV
(j)
)
, then ω · Y˜ is
the solution for c related to the vertex marked with the
green cross. Notice that if both ends of an edge e¯ are
red/green crossed, then ω annihilates all the V(j) in Vr
but one, and ω ·Y ∼ 2ye¯. Hence, these contributions pro-
vide a factor of the form
∏L
j=1(cj−yej + iεkj )
−1, cj ’s be-
ing the unfixed variables. Furthermore, for all the other
edges, the green cross can mark either of the two ends
and, thus, the two contributions depend on the same x’s
and y’s and they differ only for the sign of the y related
to the edge in question. Thus, the canonical form for the
scattering facet acquires the form
7Ω(PG) =
∫ L∏
j=1
dcj(
cj −
yej
2
)2
−
(
yej
2 − iεj
)2
ne−L∏
s=1
1(∑
r σrscr −
ys
2
)2
−
(
ys
2 − iεs
)2 (8)
where σrs are suitable signs, ys are combinations of y’s
and x’s. Each quadratic factor above is a Lorentz in-
variant propagator, with the cj’s which are nothing but
the l0 component of the loop momenta! Adding the d-
dimensional loop measures, ddℓ(j), the canonical form (8)
returns a Lorentz invariant loop integrand for the related
graph. It is remarkable how the contour integral repre-
sentation makes Lorentz invariance manifest, with the
propagators inheriting the correct iε prescription from
the standard one for the canonical form!
Finally, we can also perform the contour integration
over the leftover cj ’s, for which we have the freedom to
close integration contours in a number of ways. From the
canonical form perspective, these different ways of closing
the integration contours return all the possible triangula-
tions for the polytope [9]. In our case, we have just learnt
that these integrations are exactly the l0 integration and,
thus, all the possible ways of triangulating the scatter-
ing facet correspond to all the possible representations
obtainable by performing the l0 integrations by contour
integration using the iǫ poles (as familiar from the “Feyn-
man tree theorem” [11, 12]), in all possible ways! As a
visualizable example, let’s consider the scattering facet of
the two-loop two-site graph, which is a truncated tetra-
hedron in P3:
x1 x2
yc
ya
yb
x1 + yc − x2, −x1 + yc + x2
{x1 + ya − x2, −x1 + ya + x2
x1 + yb − x2, −x1 + yb + x2}
3
1
5
4
2
6
where the labels {1,2,3,4,5,6} identify the vertices as
they appear in the list above. It has six possible trian-
gulations, which is exactly the number of ways the two
l0 integrations can be performed: once the order of in-
tegration is chosen, each of the two integrations can be
performed in the upper or lower half plane, returning
four representations, while changing the order of inte-
gration, one finds two more inequivalent representations.
The canonical form of the scattering facet, as represented
by the following triangulation
3
1
5
4
2
6
3
1
5
4
2
6
3
1
5
4
2
6
corresponds to perform both l0 integrations in the upper half plane:
8Ω =
1
2ya
1
2yb
1
y2c − (ya + yb − x1)
2
+
+
1
2yb
1
2yc
1
y2a − (yb − yc − x1)
2
+
+
1
2yc
1
2ya
1
y2b − (yc + ya + x1)
2
,
(9)
where the terms in the sum corresponds to the simplices
in the order as shown in the picture above. This expres-
sion precisely corresponds to one way of performing the
l0 integrals using contour integration; with the 1/(2y)
factors arising from the residues on the iǫ poles.
OUTLOOK
Cosmological polytopes have an extremely simple in-
trinsic definition, fully described by a collection of trian-
gles, each of which is allowed to intersect other triangles
on only two of its three sides. Any such collection of in-
tersecting triangles is naturally associated with a graph,
and the convex hull of the triangle vertices given the cos-
mological polytope. The canonical form of the polytope
computes the contribution to the (integrand of) wave-
function from the corresponding graph. The singularities
of the wavefunction are reflected in the facets of the poly-
tope, and one of these is the scattering facet associated
with the total energy pole, which gives flat-space scatter-
ing amplitudes. We have seen how the exact Lorentz in-
variance and unitarity of the amplitudes arises in a simple
way from the geometry of the scattering facet. It is rather
remarkable to see the fundamental rules of both cosmol-
ogy and particle scattering arising in a simple way from
such primitive, essentially combinatorial ideas. These re-
sults suggest a number of obvious directions for future
exploration.
The cosmological polytope gives a direct understand-
ing of the wavefunction, but it is natural to ask whether
there is a similar geometric object that directly computes
the squared modulus of the wavefunction, or directly, the
spatial correlation functions [13]. Also, the scattering
facet is of fundamental importance to the full geometry
of the polytope; indeed, general facets of the cosmolog-
ical polytope factorize into products of lower cosmolog-
ical polytopes and scattering facets. This suggests that
we should be able to find an understanding of both the
geometry and the wavefunction itself, building on the
scattering facet/amplitude. This theme will be taken up
in [14].
As also stressed in [4], cosmological polytopes only
connect combinatorial geometry to physics one graph
at a time. This is very unsatisfying, especially when
contrasted with the story of amplituhedra/associahedra,
where all the magic is in how these structures replace the
sum over all diagrams with new ideas. It is natural to try
and connect these deeper ideas to cosmology; the closest
point of connection to our current explorations should
be to the story of the associahedron for biadjoint φ3 the-
ory. There, each Feynman graph for the amplitude corre-
sponds to a simplex in a natural triangulation of the as-
sociahedron, so we might try to find a larger cousin of the
associahedron, for which the cosmological polytopes play
the role of “simplices”. Indeed our study of the scatter-
ing facets in this letter suggest looking for an even more
immediate connection. We have seen that the scattering
facet of cosmological polytopes gives a new geometric pic-
ture for the amplitude itself, where the Lorentz-invariant
poles of amplitudes – which are quadratic in momenta –
are resolved more fundamentally into products of poles
that are linear in energy variables. This suggests that it
should be possible to “double” the associahedron itself,
lifting it to a space with roughly twice as many facets,
where all propagators are resolved into a pair of poles in
this way. This uplift of the associahedron should corre-
spond to the scattering facet of a conjectural cosmological
associahedron.
It would be very interesting to see whether such
a cosmological associahedron exists. Apart from its
intrinsic interest, we have understood that the usual
associahedron is very closely connected to the physics of
the string worldsheet, and indeed the “kinematic” asso-
ciahedron provides a natural bridge between worldsheet
and space-time physics. It would be fascinating to find
and explore the analog of this connection in cosmology.
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